Moduli of bundles on the blown-up plane 
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Abstract 

Let A4j denote the moduli space of bundles on the blown-up plane 
which split as 0{j) © 0{—j) over the exceptional divisor. We show 
that there is a topological embedding : A4j — > TWj+i. 

Let E he a holomorphic bundle on the blown-up plane which restricts 
to the exceptional divisor as 0{j) © 0{—j). Then there is a canonical form 
of transition matrix for E (see [1] Thm. 2.1). Namely, for a good choice 
of coordinates there is a polynomial p = J^'iLi'^ Ylizl-j+iPuz^u^ such that E 

is defined by the transition matrix ( ^ j ' (^°^^ that in particular it 

follows that E is algebraic and is an extension of line bundles.) 

Our aim here is to show that the map z~^^ ^ (^0 ^^'^ ) 

induces an inclusion of moduli spaces $j : A4j -^j+i which is a homeo- 
morphism over its image. 

Fix an integer j. Then each polynomial determines a rank two bundle 

over the blown-up plane. We write p ~ p' if the matrices ( ^ _j j and 

Q _,j \ define isomorphic bundles. Our polynomials have N = (j — 

l)(2j — 1) complex coefficients (see[l]). Hence the space C^/ ~ (where 
two points are equivalent if the corresponding polynomials define isomorphic 
bundles) parametrizes isomorphism classes of bundles on the blown-up plane 
with splitting 0{j) © over the exceptional divisor. Denote the set 

of these isomorphism classes by Mj and give C^/ ~ the quotient topology. 
We have just shown that there is a natural identification of C^/ ~ with 
Mj which therefore inherits an induced topology A. We denote by Aij the 
topological space {Mj,A). 

Proposition 0.1 .' The following map is an embedding (i.e. homeomor- 
phism over its image) 

p ^ z u^p. 
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7) \ 

z / 

\ ) '■^P^®^®^^ isomorphic bundles. Then there are coordinate changes 

holomorphic in z, u and '^^ holomorphic in 2;""^, zu for which 
the following equality holds (compare [1] pg. 587) 

a p\ _ (z^ p' \ fa h\ fz-^ -p 
7 5 J ~ V z-^ )\c d)\ z^ 



Therefore these two bundles are isomorphic exactly when the system of equa- 
tions 

'a (3\ _ / a + z~^p'c z'^^h + z^ {p'd — ap) — pp'c 
7 5 ) V z~'^^c d — z~^pc 



(*) 



can be solved by a matrix ^ ^ ^ ^ holomorphic in z, u which makes 

holomorphic in z~^, zu. 

On the other hand, the images of these two bundles are given by transition 

^ . / z^~^^ z u'^p \ , ( z^^^ z -u V \ 1 • 1 ^ • 1 • 

matrices I ^ I and I ^ I , which represent isomorphic 

bundles iff there are coordinate changes holomorphic in and 

holomorphic in 2;"^, zu satisfying the equality 



a j3 
7 5 

a _ f z^^^ zu'^p'\ fa h\ f z'^"'^ -zu^p 

7 5) ~\ ^ z-^-^J [c dj[ z^+^ 

That is, the images represent isomorphic bundles if the system 

a /3\ _ f a + z~^u^p'c z'^^~^% + z^^'^u'^ip'd — ap) — z^u'^pp'c 
^1 5 J \ z'''^^~^c d — z~^u'^pc 



(**) 



has a solution. 

Write X = J^^iU'' for x G {a,b,c,d,d,b,c,d} and choose = 04+2, h = 
bi+2u'^, Ci = Cj+2M~^, di = di+2- Then if solves (*), one verifies that 

^) ^^^^^^ (**)) which implies that the images represent isomorphic 
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bundles and therefore $j is well defined. To show that the map is injective 
just reverse the previous argument. Continuity is obvious. Now we observe 
also that the image ^j{M.j) is a saturated set in A4j+i (meaning that if 
y ^ X and x E ^j{Mj) then y E (^j{Mj)). In fact, ii E E (^j{Mj) then E 
splits in the 2nd formal neighborhood. Now \i E' E than E' must also split 
in the 2nd formal neighborhood therefore the polynomial corresponding to 
E' is of the form v?p' and hence gives E' . Note also that 

is a closed subset of Alj+i, given by the equations = for i = 1, 2 and 
i — j + l</<j — 1. Now the fact that $j is a homeomorphism over its 
image follows from the following easy lemma. 



Lemma 0.2 Let X cY be a closed subset and ~ an equivalence relation in 
Y, such that X is saturated. Then the map I : X/~ Y/r^ induced by 
the inclusion is a homeomorphism over the image. 

Proof: Denote hy ttx ■ X ^ X/~ and Try : y — > y/~ the projections. Let 
F be a closed subset of Then 7rx^{F) is closed and saturated in X and 

therefore ttx^{F) is also closed and saturated in Y. It follows that 7ry(7r^^(F)) 
is closed in | 
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